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FLUID BEHAVIOUR OF SIDE-BY-SIDE CIRCULAR
CYLINDERS IN STEADY CROSS-FLOW
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The #ow "eld for two and three circular cylinders of equal diameter D arranged in a side-by-side
con"guration in steady cross-#ow was investigated using #ow visualization, hot-"lm anemom-
etry and particle image velocimetry (PIV), for centre-to-centre pitch ratios from ¹/D"1)0 to
6)0, and Reynolds numbers from Re"500 to 3000. For two-cylinder arrangements, three basic
#ow patterns were observed: single blu!-body vortex shedding at small ¹/D, biased #ow with
synchronized vortex shedding at intermediate ¹/D, and symmetric #ow with synchronized
vortex shedding at larger ¹/D. For three-cylinder arrangements, either single blu!-body
behaviour or an asymmetric biased #ow pattern could be observed at small ¹/D, whereas
a symmetric-biased #ow pattern was found at intermediate ¹/D. Instantaneous representations
of the in-plane vorticity "eld obtained from the PIV technique revealed some variation in these
basic #ow patterns at given ¹/D and Re. ( 1999 Academic Press
1. INTRODUCTION

WHEN IMMERSED IN STEADY CROSS-FLOW OF VELOCITY ;, two circular cylinders of equal
diameter D, arranged in a side-by-side con"guration [Figure 1(a)], are known to exhibit an
asymmetrical #ow pattern for intermediate values of the centre-to-centre transverse pitch
ratio ¹/D separating the two cylinders (Spivack 1946; Hori 1959; Ishigai et al. 1972;
Bearman & Wadcock 1973; Kamemoto 1976; Kiya et al. 1980; Williamson 1985; Jendrzej-
czyk & Chen 1986; Kim & Durbin 1988; Le Gal et al. 1990; Sumner et al. 1997). The
asymmetrical #ow pattern is characterized by a narrow near-wake region behind one of the
cylinders, a wide near-wake behind the other cylinder, and two dominant vortex-shedding
frequencies (which may be expressed in nondimensional form in terms of the Strouhal
number, St"f

s
D/;, where f

s
is the vortex-shedding frequency). In some cases, the biased

#ow pattern switches intermittently from being directed towards one cylinder to the other,
and the #ow pattern is termed bistable (Bearman & Wadcock 1973; Kim & Durbin 1988).
This biased #ow pattern is observed in the range of 1)2(¹/D(2)2 approximately, and is
nominally independent of the Reynolds number, Re (based on the cylinder diameter D and
the approach velocity ;). At smaller pitch ratios, ¹/D(1)2, the two cylinders behave in
a similar fashion to a single blu! body, whereas at higher pitch ratios, ¹/D'2)2, the #ow
"eld regains its symmetry. Existing experimental investigations of two side-by-side circular
cylinders are summarized in Table 1(a).

Side-by-side con"gurations of three circular cylinders of equal diameter exhibit di!erent
behaviour, but have received less attention (Eastop & Turner 1982; Kumada et al. 1984;
Sumner et al. 1997). The relevant studies are summarized in Table 1(b). Flow patterns
include single blu!-body behaviour and asymmetric biased #ow at small pitch ratios, and
symmetric biased #ow about the central cylinder at intermediate pitch ratios.
resently at University of Saskatchewan, Saskatoon, Saskatchewan, Canada.
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Figure 1. (a) Nomenclature for two and three side-by-side circular cylinders of equal diameter in steady
cross-#ow. (b) Anti-phase and in-phase vortex street synchronization.
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The existence of two or more simultaneous, side-by-side vortex-shedding processes
and vortex streets for this arrangement of cylinders leads to complex vortex street interac-
tion in the combined wake of the bodies (Le Gal et al. 1990; Peschard & Le Gal 1996).
Typically, two vortex streets are synchronized in an anti-phase fashion [Figure 1(b)], in
which vortices are shed simultaneously on both sides of the gap between two of the
cylinders (Williamson 1985). Alternatively, in-phase vortex-shedding synchronization may
be observed.

Multiple cylinders arranged side-by-side in a single row have also been examined (Ishigai
& Nishikawa 1975; Moretti & Cheng 1987; Cheng & Moretti 1988; Zdravkovich & Stone-
banks 1990; Le Gal et al. 1996). They are noted for irregular #ow patterns involving the
coalescence and de#ection of any number of the gap-#ow jets, particularly for ¹/D(2. The
gap #ows may also intermittently switch direction, and di!erent groups of jets may
intermittently coalesce. These #ows have been termed &&metastable'' (Zdravkovich & Stone-
banks 1990). These features of the #ow are similar to those observed for the two- and
three-cylinder arrangements.

In this study, the dynamics of the #ow about two and three circular cylinders of equal
diameter arranged in a side-by-side con"guration is examined using #ow visualization,
hot-"lm anemometry, and particle image velocimetry (PIV), for Reynolds numbers ranging
from 500 to 3000. Use of the PIV techinque in particular has enabled some new insight to be
obtained into the complexity of the #ow "eld as the pitch ratio is varied.

In many engineering applications, such as o!shore structures, heat exchangers, power
transmission lines, and chimneys, multiple cylindrical structures are often found in close
proximity. Study of the #uid dynamics of side-by-side cylinders should then a!ord an
improved understanding or vortex-shedding-induced vibration and #uid}structure interac-
tion for such multiple blu!-body con"gurations.
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2. EXPERIMENTAL APPARATUS

2.1. FLOW VISUALIZATION AND HOT-FILM ANEMOMETRY

The #ow visualization and hot-"lm anemometry experiments were conducted in a
closed-loop water tunnel with a working section of 254mm]254mm cross-section, and
a longitudinal freestream turbulence intensity of 0)5% (Figure 2). The cylinder models were
Figure 2. (a) Closed-loop water tunnel. (b) Experimental set-up in the water tunnel working section.
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constructed of Plexiglas (D"16mm), and had aspect ratios of 16 and solid blockage ratios
(per cylinder) of 6)3%. No end-plates were "tted to the cylinders in the water tunnel
experiments. Each cylinder had two dye injection ports of 0)8mm diameter located at
mid-span and near the points of boundary layer separation. The #ow velocity ranged from
;"30 to 190 mm/s. The experiments conducted in the water tunnel examined two-cylinder
con"gurations with ¹/D varied from 1)0 to 6)0, and three-cylinder con"gurations with
¹/D"1)0 to 3)0, with the spacing incremented by 0)5D in each case. The Reynolds number
for the #ow visulaization ranged from Re"500 to 1500, and that for the hot-"lm anemom-
etry from Re"500 to 3000.

For #ow visualization, #uorescein and rhodamine dyes were injected into the near-wake
regions of the cylinders. The dye was illuminated using a narrow sheet of light from a xenon
arc lamp, and the #uid motion was captured with a JVC KY-25U Super-VHS video camera,
as shown in Figure 2(b). Digital images were then acquired from the individual video frames
using a personal computer with a video-input card, and enhanced for analysis using Adobe
Photoshop software.

A TSI model 1269 single-component hot-"lm sensor was used to obtain measurements of
the vortex-shedding frequency in the wake of the multiple cylinder con"gurations. The
sampling rate was typically 20Hz, and the sampling time ranged from 5 to 10 min. For
vortex-shedding frequencies of the order of 0)5}2Hz, the sampling time corresponded to
between 150 and 1200 vortex-shedding periods. The probe was typically located between
two and "ve diameters downstream of the cylinders, and at a range of cross-stream
positions.

2.2 PARTICLE IMAGE VELOCIMETRY (PIV)

The particle image velocimetry (PIV) experiments were conducted in a newly designed and
constructed water towing tank (Figure 3) of 0)76 m]0)76 m cross-section and 3)05 m
Figure 3. Main water towing tank facility, shown with a single circular cylinder (without an end-plate "tted)
rigidly suspended vertically from the carriage.



Figure 4. Components of the particle image velocimetry (PIV) system.
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length. Each cylinder was constructed of stainless steel (D"25)4 mm) and had an aspect
ratio of 27. The solid blockage ratio was 7% for the two-cylinder con"gurations and 10)5%
for the three-cylinder con"gurations. A single end-plate made from Plexiglas was "tted to
the multiple-cylinder con"guration at the free end near the bottom of the tank, based on the
optimized design of Szepessy (1993) for a single cylinder. The towing velocity ranged from
;"50 to 120 mm/s, yielding Reynolds numbers from Re"1300 to 2900. The PIV
experiments examined two-cylinder con"gurations of ¹/D"1)0, 1)125, 1)5, 1)75, 2)0, 2)5
and 3)0, and three-cylinder con"gurations of ¹/D"1)0, 1)125, 1)25 and 1)5.

For the application of PIV (Figure 4), the water was seeded with irregularly shaped,
nearly neutrally buoyant particles, of 100}300lm in size. A section of the #ow was
illuminated with a pulsed light sheet generated by a 5 W argon-ion laser and a mechanical
shutter, and successive pairs of single-exposed digital particle images (each of 512]480
pixels) were acquired with a Dantec Double Image 700 CCD camera and frame grabber
(a di!erent system from that used for the #ow visualization experiments). The horizontal
image magni"cation was of the order of 0)3mm/pixel, and each image covered an area of
approximately 150]150mm (6]6 cylinder diameters) within the #ow "eld. The image
exposure time was typically 6 ms, and the time between single-exposed images constituting
a pair was typically 4 ms. In the 10 ms time di!erence between the images comprising a pair,
a particle moving at the freestream velocity of 75 mm/s would cover 2)5 pixels (0)75 mm or
0)03 diameters).
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As shown in Figures 3 and 4, the camera was mounted in a "xed position beneath the
towing tank, and images were acquired, with the aid of a mirror, through the glass bottom
of the towing tank and the Plexiglas end-plate. The light sheet was located at the centre-
span of the cylinder, midway between the free surface of the water and the end-plate. End
e!ects due to the free surface and the end-plate were found to be con"ned to spanwise
distances of approximately 7 diameters, so that the central portion of the span of 13
diameters was subject to nominally two-dimensional #ow conditions.

Dantec FlowGrabber digital PIV software employing the cross-correlation algorithm of
Willert & Gharib (1991) was used to compute the raw displacement vector "eld from the
particle image data, using an interrogation window of 32]32 pixels (approximately
10]10mm, or 0)3]0)3 cylinder diameters) with 75% overlap. The size of the interrogation
window e!ectively limits the minimum size of the vortex structures which can be identi"ed
in these experiments to approximately 0)3 cylinder diameters. Software developed in-house
was then used to compute the in-plane velocity vector "eld (57]57 vectors) and vorticity
"eld (55]55 points) at a spacing of about 2)6mm (or 0)1 cylinder diameters).

The time between successive pairs (or sets of vorticity data) was *t"0)2 s. This time
interval between successive vorticity "elds may be expressed as a fraction of the vortex-
shedding period ¹

s
, determined from published vortex-shedding frequency data (from

references in Table 1), where *t/¹
s
"*t*St (in which *t*"*t;/D). In these experiments,

this time di!erence between sets of vorticity data corresponds to 0)04 to 0)24 vortex
shedding periods, depending on the con"guration of the cylinders, the Reynolds number,
and the shedding frequency. Images were acquired near the end of a towing run of about
2)5m, corresponding to a nondimensional elapsed time from the start of towing of
t*"t;/D"98 at Re"1900 (for elapsed time t from the start of motion).

For each con"guration, up to 10 di!erent PIV experiments were conducted, with each
yielding eight vorticity "elds. Since vorticity "elds were acquired at time intervals of 0)04¹

s
to 0)24¹

s
, su$cient information would have been acquired to represent the #uid behaviour

of an individual shed vortex over a complete period. A time history of the nondimensional,
instantaneous, in-plane vorticity "eld, u

z
D/;, was determined from a single towing of the

cylinders, however, no ensemble averaging or phase averaging of data from successive runs
was undertaken (nor were these techniques possible with the given experimental set-up). In
most cases, there was a good correspondence between the dye-injection streakline #ow
visualization images and the instantaneous PIV vorticity data. By applying known dis-
placements to a digitized particle image using Adobe Photoshop software, the measurement
uncertainty of the velocity and vorticity data could be assessed; the measurement uncertain-
ty of the vorticity was conservatively estimated at 10%. In the "gures and results to be
presented in what follows, the smallest magnitude contour of vorticity plotted was typically
10}20% of the maximum vorticity in the #ow "eld.

Given that the cylinders were constructed of stainless steel, it was not possible for the
entire #ow "eld to be illuminated with the light sheet. The light source was placed in such
a way to illuminate the combined wake region of the cylinders, with the &&shadow'' (shown
schematically in Figure 4) created by the stainless-steel cylinders oriented in the cross-
stream direction and in the direction of towing. The direction of the light sheet is shown for
reference in Figure 8(a).

3. RESULTS AND DISCUSSION

The Strouhal number data obtained from the hot-"lm anemometry results are summarized
for two- and three-cylinder con"gurations in Figure 5(a) and 5(b), respectively, and com-
pared to previously published data (obtained at higher Reynolds numbers, as summarized



Figure 5. Strouhal number data as a function of transverse pitch ratio. (a) Two side-by-side circular cylinders:
L Kiya et al. (1980); h Kim & Durbin (1988); *, Bearman & Wadcock (1973); e, Spivack (1946); ], Ishigai et al.
(1972); #, Kamemoto (1976); d, current study. (b) Three side-by-side circular cylinders: s, Kumada et al. (1984);

h, Eastop & Turner (1982); d, current study.
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in Table 1). In general, the Strouhal number data obtained in the present study, for both two
and three side-by-side cylinders, agree well with previously published data obtained at
higher Reynolds numbers. This agreement shows that the #uid dynamics of the side-by-side
arrangement, at least in terms of the Strouhal number, is quite insensitive to changes in
Reynolds number, for at least 500(Re(111 000. However, some disagreement is noted
for both the two- and three-cylinder con"gurations at ¹/D"2)5, with the two-Strouhal-
number regime persisting to higher ¹/D than in the other studies. This di!erence, as well as
the Strouhal number data in general, are discussed further in the following sections.

Sample power spectra (from a single velocity time history, with no averaging) for the
wake behind two cylinders are presented in Figure 6. At pitch ratios of ¹/D"1)5 and 2)0,
shown in Figure 6(b, c), two dominant frequencies are measured. These two frequencies
signify the existence of the biased #ow regime, and correspond to two di!erent vortex-
shedding processes, caused by the de#ection of the gap #ow towards one of the two



Figure 6. Representative power spectra for two side-by-side circular cylinders in steady cross-#ow: (a)
¹/D"1)0, Re"1700; (b) ¹/D"1)5, Re"1850; (c) ¹/D"2)0, Re"1200; (d) ¹/D"2)5, Re"1450; (e)
¹/D"3)0, Re"2200. Vertical scale is arbitrary, but the same for each spectrum. Measurement location typically

2}3 diameters downstream and 1}2 diameters from the centreline (depending on con"guration).

Figure 7. Flow visualization of two side-by-side circular cylinders in steady cross-#ow, with ¹/D"1)0: (a)
alternate vortex shedding, Re"1320; (b) irregular vortex shedding, Re"820.

318 D. SUMNER E¹ A¸.
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cylinders (as discussed subsequently in this paper). Two frequencies are also found at
¹/D"2)5 [see Figure 6(d)], although a biased #ow pattern is not readily detectable in the
#ow visualization and PIV results.

3.1. TWO AND THREE CIRCULAR CYLINDERS IN CONTACT, ¹/D"1)0

When two or three side-by-side circular cylinders are in contact with one another, at a pitch
ratio of ¹/D"1)0, single blu!-body alternate vortex formation behaviour is observed, and
a single vortex street is visible in the wake. The frequency of vortex shedding in both
con"gurations is lower than that of a single circular cylinder, as can be seen in Figure 5, and
re#ects the increased spacing of two diameters between the two free shear layers when the
cylinders are in contact. A strong, low-frequency peak is seen in the power spectrum of
Figure 6(a), with a smaller peak found at twice the frequency corresponding to shedding
from both shear layers. The single blu!-body behaviour is seen in the #ow visualization
results of Figure 7 for the two-cylinder con"guration, and in the PIV results of Figure 8 for
both the two- and three-cylinder con"gurations. Also shown in Figure 8(a) is the orientation
of the laser light sheet.

The PIV results show that the vortices are irregular in shape, and that the shear layers
tend to break up easily into small concentrations of vorticity (Wei & Smith 1986; Chyu
& Rockwell 1996), perhaps related to Kelvin}Helmholtz instabilities, that seem at times to
combine into larger vortices during the process of formation and shedding [Figure 8(b)].
Such behaviour could also be observed, to some extent, in the dye visualization experiments
in the water tunnel, although it is not seen in Figure 7.

In the water tunnel, the regular vortex shedding, as seen in Figure 7(a), was often
supplanted for periods of time by irregular or symmetric vortex shedding, the latter shown
in Figure 7(b). Furthermore, the more disorganized nature of the vorticity "eld from the
PIV experiments re#ects a less-intense vortex formation process for the case of the cylinders
in contact, seen in the #ow visualization videos. The PIV results also revealed a range of
alternate shedding for two and three cylinders in contact. Variation was observed (qualitat-
ively) in the vortex formation length, for example, with vortices occasionally forming very
close to the cylinders or further into the near-wake. Such variation may re#ect di!erent
&&modes'' of #uid behaviour or, more simply, di!erent stages in the shedding cycle (for which
a complete cycle could not be captured with the PIV system used in this study). The PIV
results also showed some variation in the cross-stream extent of the formed vortex, which
may or may not extend across the wake centreline; such variations in behaviour were also
observed in the #ow visualization results.

3.2. TWO SIDE-BY-SIDE CIRCULAR CYLINDERS WITH SMALL ¹/D

At small pitch ratios, for 1)0(¹/D(1)2, the single blu!-body behaviour noted for
¹/D"1)0 becomes slightly modi"ed. Flow through the gap behaves in a similar fashion to
base-bleed (Bearman & Wadcock 1973). Higher-momentum #uid, which enters through
the gap, increases the base pressure, reduces the drag of both cylinders, and increases the
streamwise extent of the vortex formation region. The vortex-shedding frequency, how-
ever, tends to remain close to that observed for ¹/D"1)0, as noted in previously published
data compiled in Figure 5(a). Furthermore, a single vortex street is still observed in the
combined wake of the two cylinders, and shedding occurs only from the outside shear
layers.

This range of transverse pitch ratio was investigated with PIV only, at a single pitch ratio
of ¹/D"1)125 (Figure 9). Three types of behaviour were observed in these experiments.
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Figure 9(a) shows the "rst #ow pattern with a symmetrical near-wake, formation of a single
vortex street, and a gap-#ow oriented parallel to the #ow axis. The gap #ow is denoted by
the parallel shear layers that persist until about x/D"2)0, where the two shear layers end
without vortex formation. Formation of a KaH rmaH n vortex is shown in the fourth set of
vorticity data in Figure 9(a), forming from the outer shear layer of the lower cylinder (in the
"gure; for in the experiment both cylinders are in fact vertical). Figure 9(b) shows the second
#ow pattern, with an asymmetrical near-wake region with a de#ected or biased gap-#ow,
although a single vortex street still seems to form further downstream. This second #ow
pattern was that most commonly observed. A third #ow pattern, not shown in Figure 9,
showed no signi"cant gap #ow (at least in terms of appreciable vorticity). Each #ow pattern,
however, exhibited single blu!-body behaviour, as shown in Figure 9(a, b).

For the case of de#ected #ow, this was always observed to favour the uppermost cylinder;
however this may have been caused by minor misalignment of the two cylinders. Although
the "rst #ow pattern could be considered to correspond to the expected #uid behaviour, the
second, asymmetric #ow pattern was more commonly observed. The existence of the second
#ow pattern suggests that it could represent a transition between the single blu!-body #ow
pattern and the biased #ow pattern obtained at greater ¹/D.

3.3. TWO SIDE-BY-SIDE CIRCULAR CYLINDERS WITH INTERMEDIATE ¹/D

The biased #ow pattern for two cylinders is found at intermediate pitch ratios, from
¹/D"1)2 to 2)2, although there is some evidence to suggest that it may extend to slightly
higher or lower ¹/D, depending on the experimental conditions and the Reynolds number.
The cylinder towards which the #ow is biased has a narrow near-wake and higher-
frequency vortex shedding, while the other cylinder has a wider near-wake and lower-
frequency vortex shedding. This biased #ow pattern is shown in the #ow visualization
results in Figure 10 for ¹/D"1)5 and 2)0, and in the velocity, streamline, and vorticity
results from PIV in Figure 11 for ¹/D"1)25, 1)5, 1)75 and 2)0.

In both the velocity "eld and streamline "eld data, it is noted that there is a region behind
the cylinders with no data; this is region of the shadow created by the stainless-steel
cylinders in the laser light sheet [source shown in Fig 8(a)]. In Figure 11, streamlines are
Figure 10. Flow visualization of two side-by-side circular cylinders in steady cross-#ow, with a biased #ow
pattern, for Re"1000}3000: (a) ¹/D"1)5; (b) ¹/D"2)0.
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Figure 12. Angle of gap #ow de#ection, d, for (a) two and (b) three side-by-side circular cylinders: d, #ow
visualization; m, PIV; n, asymmetric biased #ow pattern, PIV (for three side-by-side cylinders); L, estimated from
Kim & Durbin (1988). Error bars show the range of instantaneous de#ection angle from the PIV measurements.

The uncertainty is estimated at $23.
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only plotted for the mean #ow. The streamlines are not plotted in the near-wake regions of
the cylinders, since insu$cient velocity vector data were present to give realistic streamlines.

Both the #ow visualization and PIV results show that the de#ection of the biased gap
#ow varies with ¹/D. The de#ection angle d (see Figure 12) may be estimated from the #ow
visualization images and the PIV full-"eld data, and the data are plotted in Figure 12(a).
The trend is toward a smaller degree of de#ection with increasing pitch. This trend is similar
to the di+erence between the high and low vortex-shedding frequencies at intermediate ¹/D
(corresponding to the biased #ow pattern), as shown in Figure 5(a). Although the de#ection
angles from the #ow visualization video images are higher than those seen in the PIV
results, this di!erence may be caused by experimental e!ects, such as blockage or the
cylinder aspect ratio, for example.

Also shown in Figure 12(a) are two values for the de#ection angle at ¹/D"1)125,
re#ecting two of the three #ow patterns seen at the small pitch ratio (and previously
discussed).
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The full-"eld PIV data also show that the instantaneous de#ection angle at a given pitch
ratio may itself vary over a wide range, as indicated by the error bars in Figure 12(a). In
some cases, the instantaneous de#ection of the gap #ow is barely detectable, as shown in
Figure 11(d) for ¹/D"2)0. A biased #ow pattern may still be detected in Figure 11(d),
however, since the near-wake region of the upper cylinder appears to be shorter than that of
the lower one.

3.3.1. <ortex dynamics

In terms of the vortex dynamics of the combined wake for the biased #ow pattern, two types
of basic behaviour were noted by Williamson (1985) for Re4200. In the "rst case, vortices
formed alongside the biased gap #ow are squeezed and amalgamated into the dominant
vortices on the outside of the two-cylinder con"guration, the side to which the #ow is
biased. This amalgamation process eventually produces a single vortex street in the
combined wake. In the second case, said to be dominant for ¹/D"1)6 to 1)9, the combined
wake of the two cylinders is marked by pairs of vortices downstream of the cylinder with the
narrow near-wake region, and single larger vortices downstream of the cylinder with the
wider near-wake region, on the opposite side. In this case, the gap vortices are amalgamated
into the side of the wake where the pairs form. In this study, however, conducted at higher
Reynolds number (Re"500 to 3000) than that of Williamson (1985), neither the #ow
visualization nor the PIV data clearly demonstrated the existence of either of these two
types of basic behaviour. Two reasons may be proposed for this: (i) in the context of the
instantaneous vorticity "eld (from PIV), the vortices become rapidly distorted and lose
coherence once they are shed from the cylinders, masking any amalgamation process; and
(ii) the amalgamation process may occur further downstream of the cylinders, outside the
range of detection of the PIV system used in this study.

The sole form of #ow organization observed was anti-phase synchronization
[Figure 1(b)] of the two vortex-shedding processes, whereby vortices were formed and shed
in a symmetric manner on opposite sides of the de#ected gap #ow. The synchronization
was seen only in the immediate vicinity of the two cylinders, and no established regular
pattern of rows of vortices was seen in the combined wake of the two cylinders (as
noted in Section 3.4 for large ¹/D). Such behaviour, under biased #ow conditions, would
seem to broadly correspond to the &&quasiperiodic regime'' noted by Peschard & Le Gal
(1996).

3.3.2. Strouhal number data

The Strouhal number data in Figure 5(a) and the power spectra in Figure 6 show that,
within the biased #ow range of transverse pitch, two dominant peaks are detected, re#ecting
the two vortex-shedding frequencies. Although Figure 5(a) shows a range of Strouhal
numbers for some pitch ratios, no more than two were detected in a given experiment, and
the scatter of the data simply shows that there is some variation in the magnitudes of the
two frequencies at a given pitch ratio.

Data from the present study, in Figure 6(d), also show the existence of two dominant
frequencies at ¹/D"2)5. The appearance of the two frequencies suggests that the biased
#ow could exist beyond the traditional biased #ow range of 1)2(¹/D(2)2, and indeed
a small degree of de#ection [recorded in Figure 12(a)] may be seen in the #ow visualization
images for ¹/D"2)5 [Figure 13(a)]. No apparent de#ection is seen in the PIV vorticity
data for ¹/D"2)5 (Figure 14), however, and this di!erence suggests that the detection of
multiple frequencies at ¹/D"2)5 might be caused by in#uences from the experimental



Figure 13. Flow visualization of two side-by-side circular cylinders in steady cross-#ow at large ¹/D, showing
anti-phase vortex shedding, for Re"1000 to 3000: (a) ¹/D"2)5; (b) ¹/D"4)5.
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set-up, or possibly result from a transitional behaviour between a predominantly biased
#ow pattern and a predominantly symmetrical #ow pattern.

3.3.3. Bistable properties

The biased #ow pattern is also known to be bistable (Bearman & Wadcock 1973; Kim
& Durbin 1988). The bistable characteristic is not caused by misalignment of the cylinders
or other extraneous in#uences, but is an intrinsic property of the #ow; the transverse
con"guration may be considered to be the transitional arrangement between two staggered
con"gurations of greater and lesser incidence to the incoming #ow (Bearman & Wadcock
1973; Kim & Durbin 1988). Peschard & Le Gal (1996), however, who did not observe this
bistable behaviour in their low-Reynolds-number water-tunnel experiments, suggest that
it may be caused by turbulent perturbations in the incoming #ow. In this study, and
speci"cally in the water-tunnel experiments, this bistable nature was not observed either,
and the #ow remained de#ected consistently towards the same cylinder. Only the
experiments conducted in the towing tank showed that the near-wakes could be freely
de#ected towards either of the two cylinders, and this with no changes in alignment or
Reynolds number. In the present case, it is suspected that residual motion of the water in the
towing tank (i.e. settling of the water after completion of an experiment, or after redistribu-
tion of the seeding particles) may be responsible for the selection of the biased #ow
direction.

3.4. TWO SIDE-BY-SIDE CIRCULAR CYLINDERS WITH LARGE ¹/D

3.4.1. <ortex-shedding patterns
At greater pitch ratio, the biased #ow disappears, and the side-by-side circular cylinders
behave more as independent, isolated blu! bodies. Some interaction or synchronization,
however, does occur between the two cylinders. According to Williamson (1985), the
predominant #uid behaviour should be one of anti-phase vortex formation and shedding
synchronization between the two cylinders, which leads to two parallel vortex streets in the
wake [Figure 1(b)]. In the present experiments, anti-phase vortex shedding was noted for
the most part, as shown in the #ow visualization results in Figure 13 and the PIV results in
Figures 14 and 15, although in-phase and irregular shedding processes were also observed
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Figure 15. Nondimensional, instantaneous, in-plane vorticity "eld for two side-by-side circular cylinders of
equal diameter in steady cross-#ow (from left to right), with ¹/D"3)0, Re"1900, *t*"0)6, *t/¹

s
"0)12,

showing anti-phase vortex shedding synchronization. Minimum vorticity contour magnitude of 1)5; vorticity
contour magnitude increment of 1)5. Dashed lines represent negative (CW) vorticity.
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[as shown in Figure 14(b)]. The predominance of the anti-phase shedding broadly corres-
ponds to the &&Locking P Phase Opposition'' regime noted by Peschard & Le Gal (1996).
Although Williamson (1985) indicated that in-phase shedding leads to the formation of
a single, binary vortex street in the combined wake of the two cylinders, such a development
was not observed in the present PIV experiments. The most likely reason for this is that the
combined wake of the two cylinders could not be visualized for su$cient distance down-
stream with the given PIV system.

The synchronization or interaction of the vortex streets was observed in the water tunnel
experiments up to ¹/D"4)5, as shown in Figure 13(b). However, for ¹/D'4)5, any form
of synchronization was no longer apparent.

3.4.2. <ortex strength measurements

For the ¹/D"3)0 con"guration, some measurements of the strength of the shed vortices
were obtained from the PIV data and are shown in Figure 16, where the vortex strength is
simply the nondimensional circulation C/;D. The vortex circulation was found by integrat-
ing like-sign vorticity with a magnitude u

z
D/;50)75 over the sub-region of the #ow "eld

corresponding to the shed vortex. The vortex centre was de"ned by the centroid of this
region of like-sign vorticity. The measurement uncertainty associated with the vortex
strength is estimated at 10%.

The results in Figure 16, and other results obtained for ¹/D"2)5 (not shown), illustrate
the decay in strength as the vortex moves further from the body. The vortex strength data in
Figure 16 are both for vortices shed alongside the gap and alongside the outer #ow. It
should be noted that no di!erence in the decay rates for the inner and outer vortices was
noticed, within the limits of experimental uncertainty. This result contrasts with the
phase-averaged vorticity measurements of Kolar et al. (1997) for two side-by-side square
cylinders at ¹/D"3)0, where the strengths of the vortices on either side of the gap were
found to decay at a greater rate than those adjacent to the outer #ow.

Knowing the streamwise locations of the vortices in each vorticity "eld, and the time
di!erence between successive "elds, the convection velocities of the vortices may be
determined. For two circular cylinders at ¹/D"2)5 and 3)0, the convection velocity was
estimated at 0)84; for 2)0(x/D(6)0. This result compares favourably with 0)83;
for a single circular cylinder as measured by Cantwell & Coles (1983), 0)80; for two



Figure 16. Vortex strength as a function of streamwise distance from the cylinder centre for two side-by-side
circular cylinders of equal diameter in steady cross-#ow, with ¹/D"3)0, Re"1900}2500: L, vortices shed from
the gap shear layers; n, vortices shed from the outer shear layers. The limited data represent results from six

di!erent PIV experiments, or realizations.
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side-by-side circular cylinders as measured by Kim & Durbin (1988), and 0)75; for two
side-by-side square cylinders as measured by Kolar et al. (1997). No di!erence in convection
velocity was noticed for the vortices shed alongside the gap, or vortices shed alongside the
outer #ow, within the limits of experimental uncertainty, similar to that observed by Kolar
et al. (1997).

3.5. THREE SIDE-BY-SIDE CIRCULAR CYLINDERS WITH ¹/D'1)0

Kumada et al. (1984) indicate the existence of four basic #ow patterns for three circular
cylinders of equal diameter arranged side-by-side: (i) single blu!-body behaviour for
¹/D(1)125, in which a single vortex street forms in the combined wake of the three
cylinders; (ii) asymmetric biased #ow for 1)125(¹/D(1)35, in which one of the outer
cylinders has a large near-wake region compared to that of the central cylinder and the
opposite outer cylinder, and both gap #ows are biased away from the large near-wake
region; (iii) symmetric biased #ow for 1)35(¹/D(2)2, in which a large near-wake region
is found behind the central cylinder, and the gap #ows are biased towards the outer
cylinders, which themselves have smaller near-wake regions of higher (but equal) shedding
frequency; and (iv) synchronized, unbiased vortex shedding of the same frequency from each
cylinder for ¹/D'2)2. Two of these #ow patterns may be seen in the #ow visualization
results shown in Figure 17, with symmetric biased #ow for ¹/D"1)5 and 2)0 shown in
Figure 17(a, b), and synchronized unbiased vortex shedding for ¹/D"2)5 and 3)0 shown in
Figure 17(c, d). Vortex shedding observed in the latter two cases, [Figure 17(c, d)] occurs
in the anti-phase fashion across the two gaps, similar to that observed for two-cylinders.

3.5.1. <ortex shedding frequencies

Measurements of the vortex shedding frequencies from this study, shown previously in
Figure 5(b), support the existence of these two #ow patterns and compare favourably with



Figure 17. Flow visualization of three side-by-side circular cylinders in steady cross-#ow at Re"1000 to 3000:
(a) ¹/D"1)5; (b) ¹/D"2)0; (c) ¹/D"2)5; (d) ¹/D"3)0. Symmetric biased #ow patterns are shown for
¹/D"1)5, 2)0, and 2)5. The biased #ow at ¹/D"2)5 [in (c)] extends the ¹/D range for this #ow pattern, and is

consistent with the detection of a range of frequencies at this pitch ratio, as shown in Figure 5(b).
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previously published results, with a single Strouhal number detected for ¹/D'2)5, and two
Strouhal numbers for 1)54¹/D42)5. The published data also show a third, intermediate
frequency for 1)0(¹/D(1)5 that likely corresponds to the asymmetric biased #ow
pattern [see Figure 20(a)]; in this study, however, Strouhal number measurements were not
done for three-cylinder con"gurations in this range of pitch ratio.

Both the published data and results from this study show a pair of high frequencies at
¹/D"1)5. These results suggest that the structure of the wake is more complex than that
revealed in the #ow visualization. In Figure 18, power spectra for the ¹/D"1)5 con"gura-
tion are plotted for a range of streamwise x/D and cross-stream y/D locations. Low-
frequency shedding from the wider near-wake region of the central cylinder, at
St"0)05}0)06, is detected at all x/D and y/D locations. This lower frequency can also be
determined by counting vortices on the video frames. The higher frequency of vortex
shedding at St"0)31}0)33, associated with shedding from both outer cylinders, is also
found at each x/D and y/D location. This frequency too can be con"rmed from the #ow
visualization video. In Figure 18(e, f ), however, a second high-frequency peak (as cited at the
beginning of the paragraph) of St"0)27}0)28 is also found. By inspection, this frequency
appears to be a di!erence between the "rst two shedding frequencies. Since this third
frequency is found only at x/D"3)0 and for y/D'1)5, it would appear to be associated
with pairing of the high- and low-frequency vortices in the combined wake of the three
cylinders away from the immediate near-wake regions.

For the two-cylinder con"gurations discussed earlier, the number of shedding frequencies
detected was not highly sensitive to the measurement location.



Figure 18. Representative power spectra for three side-by-side circular cylinders in steady cross-#ow, with
¹/D"1)5: (a) x/D"2)0, y/D"2)0, Re"1750; (b) x/D"2)0, y/D"2)5, Re"1200; (c) x/D"2)0, y/D"3)0,
Re"1100; (d) x/D"3)0, y/D"1)5, Re"1100; (e) x/D"3)0, y/D"2)5, Re"1800; (f ) x/D"3)0, y/D"3)5,

Re"1800. Vertical scale is arbitrary, but the same for each spectrum.
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3.5.2. Flow patterns

The PIV results for ¹/D"1)125, 1)25, and 1)5 (Figures 19, 20 and 21, respectively) support
the existence of the "rst three #ow patterns: those of the single blu!-body behaviour, and the
asymmetric and symmetric biased #ows. The pitch ratio boundaries for these #ow patterns
were found to di!er somewhat from those proposed by Kumada et al. (1984), however, and
some variation in the #ow structure was noted at each ¹/D tested. The de#ection angles of
the two gap #ows estimated from the #ow visualization and PIV results are shown in Figure
12(b).

At ¹/D"1)125 (Figure 19), a single vortex street forms in the combined wake of the three
cylinders, similar to that of a single blu!-body. Although weak, the gap #ow is apparent,
and shows a preferential bias towards the vortex being formed [similar to two cylinders at
¹/D"1)125, shown in Figure 9(b)]. The de#ection angle was di$cult to determine
precisely from the PIV data, and hence it is not presented in Figure 12(b).

At ¹/D"1)25 (Figure 20), both the asymmetric and symmetric biased #ow patterns were
found, although the latter was more commonly observed. The asymmetric biased #ow,
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shown in Figure 20(a, c), may result in a single vortex street similar to single blu!-body #ow,
or it may represent one phase of an alternating #ow pattern in which the #ow is biased "rst
to one of the outer cylinders and then to the other. In either case, two di!erent de#ection
angles may be noted, one for each gap, as shown in Figure 12(b). Otherwise, the #ow may be
biased in a stable manner to one of the outer cylinders, with a nearly identical de#ection
angle for the two gap #ows [although it varies over the range shown within the error bars in
Figure 12(b)]. The symmetric biased #ow, shown in Figure 20(b, d), results in a more
complex combined wake region. This temporal variation in the #ow pattern at a given ¹/D
and Re may account for the additional frequency signals noted for three cylinders in Figure
5(b), for 1)0(¹/D(1)5.

Finally, at ¹/D"1)5, only the symmetric biased #ow pattern is observed (Figure 21). The
instantaneous de#ection angle is again nearly identical for the two gap #ows, but can vary
over a wide range [as shown in Figure 12(b)].

4. CONCLUSIONS

This study represents a detailed investigation of the wake #ows behind two and three
circular cylinders of equal diameter arranged in side-by-side con"gurations and immersed
in steady cross-#ow in the lower subcritical Reynolds number range, for Re"500}3000.
Three experimental techniques, #ow visualization, hot-#im anemometry, and particle image
velocimetry (PIV), were used to obtain an understanding of the #uid behaviour for two- and
three-cylinder arrangements of di!erent transverse pitch ratio ¹/D. For the range of
Reynolds number for which this study was conducted, virtually no variation in measured
quantities or di!erences in the #ow patterns were noted, and the results were in most cases
similar to those observed at both lower and higher Reynolds numbers by other researchers.
This "nding lends further support to the essential Reynolds number independence of this
arrangement of circular cylinders.

For the two-cylinder arrangements, the three basic #ow patterns of single blu!-body
vortex shedding at small ¹/D, biased #ow at intermediate ¹/D, and synchronized vortex
shedding at larger ¹/D, were con"rmed. The PIV results showed the range of pitch ratio for
the biased #ow pattern to extend from 1)254¹/D42)0, although vortex shedding fre-
quency measurements obtained from hot-"lm anemometry indicated the presence of two
frequencies also at ¹/D"2)5. The reported bistable nature of the biased #ow was not
detected in the water tunnel experiments. This may be attributable to a combination of (i)
a small degree of misalignment of the cylinders, and (ii) experimental e!ects such as aspect
ratio and blockage. It is noted that previous experiments in which the bistable #ow pattern
was reported (Bearman & Wadcock 1973; Kim & Durbin 1988) were conducted only in
wind tunnels [Table 1(a)]; whether this is a coincidence or there is a deeper underlying
reason is presently unknown.

For the three-cylinder arrangements, either single blu!-body behaviour or an asymmetric
biased #ow pattern could be observed at small ¹/D, whereas a symmetric biased #ow
pattern was found at intermediate ¹/D. The PIV experiments in particular provide some
detailed insight into the #uid dynamics of this cylinder con"guration.

For both the two- and three-cylinder arrangements, the use of PIV to obtain instan-
taneous representations of the in-plane vorticity "eld revealed considerable variation in the
reported #ow patterns at a given ¹/D (not related to varying Re). Variations were noted in
the streamwise location of vortex formation, the angle of de#ection of biased gap #ow, and
in the synchronization of vortex-shedding processes. It is suggested that some of this
variation may explain the detection of more than two dominant frequencies in the #ow "eld
for three side-by-side circular cylinders with 1)0(¹/D(1)5.
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APPENDIX: NOMENCLATURE

D cylinder diameter (mm)
f
s

vortex shedding frequency (Hz)
Re Reynolds number, based on cylinder diameter and cross-#ow velocity
St Strouhal number, based on cylinder diameter and cross-#ow velocity
¹ centre-to-centre transverse pitch (mm)
¹

s
vortex shedding period (s)

Dt time interval between sets of vorticity data (s)
Dt* nondimensional time interval between sets of vorticity data
Dt/¹

s
time interval as a fraction of the vortex-shedding period

¹/D transverse pitch ratio
; steady cross-#ow velocity (mm/s)
x streamwise coordinate (mm)
y cross-stream or transverse coordinate (mm)
C circulation of vortex strength (mm2/s)
C/;D nondimensional vortex strength
d de#ection angle (deg)
u in-plane vorticity (s~1)
z
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